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說明:一、請用 2B鉛筆在「答案卡」上作答，修正時應以橡皮擦拭，切勿使用修正

液（帶），未遵照正確作答方法而致無法判讀者，考生自行負責。 
     二、試題及答案卡必須繳回，不得攜出試場。 
（一）是非題：20 ％。（是，請在答案卡（A）欄劃記；非，請在答案卡（B）欄劃記。在其他欄位劃記者， 

不予計分。每題 2分，答錯不倒扣。） 

1. Let  f  be a continuous function such that 2)(lim =
∞→ x

xf
x

, then the infinite series ∑∞

=1 3
)(

n n
nf  converges. 

2. Let  f  be a continuous function defined on interval ],[ ba . If 01)()()()( <+−− bfafbfaf , then there exists a number c 
between a and b such that 1)( =cf . 

3. If  f  is integrable on ],[ ba , then there exists a number ],[ bac∈  such that ))(()( abcfdxxf
b

a
−=∫ . 

4. If  | f |  is a Riemann integrable function on the interval [0, 1], then  f  is integrable on [0, 1]. 
 
5.  Let  f  be a function defined as follows: 
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⎨
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    Then  f ( x ) is differentiable at x = 0. 

6.  We already know that the series ∑
∞

=

+−

1

1)1(
k

k

k
 is convergent. Now, rewrite the series by combining 2 n consecutively positive terms 

in the series, then followed by 2 n consecutively negative terms, where n = 1, 2, 3, …, to get a new series as follows: 
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11( ++++−+++++−+ , then the new series is still convergent. 

7.  If 
  
lim ( ) 1
x

f x
→ ∞

′ =  ,  then 
  

( )lim 1
x

f x
x→ ∞

= . 

8.  If na∑ is a converging series with na  for any n N∈ , then  1
  
lim 1n

n
n

a
a
+

→ ∞
< . 

9.  If : ( , )f a b R→  has a relative extremum at ( , )c a b∈ , then either ( ) 0f c′ =  or ( )f c′ does not exist. 

10. If f  is continuously differentiable and ( )z f x y= − , then 0x yz z+ = . 

 

（二）選擇題：80 %（單選題，每題 5分，答錯一題倒扣 1.25分，倒扣至本大題零分為止，未做答不給分

亦不扣分。） 

11. Let xxxf sin)( = , then )24(1lim
1 n
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ππ +∑ =∞→
 = ?   

(A)  1 (B) 2
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2
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13. Find the tangent of the curve 53223 =+− yyxx  at point )2,1( . 
(A) 053245 =−+ yx  (B)  043245 =+− yx  (C) 01185 =+− yx  (D) 02185 =−+ yx  (E) 019125 =+− yx  
 

14. Consider the function
⎩
⎨
⎧

≥+−
<−−

=
0 if12154
0 if

)( 23

2

xxxx
xxx

xf . The absolute minimum value of the function  f  on the interval 

 ]1,2
1[−  is: 

(A)  – 4 (B)  0 (C) 4
1  (D)  1 (E) 4

11  

 
15. Find a and b so that function 1)( 23 ++= bxaxxf  will have a relative minimum value at a point inside the open interval (1, 3). 

(A) 1,1 == ba  (B) 1,1 −== ba  (C) 2,1 =−= ba  (D) 4,2 −== ba  (E) 3,1 =−= ba   
 

16. Consider the sphere 02222 =−++ xzyx  and plane 06 =++ zyx . Find the angle between normal lines of these two surfaces 

at point (0, 0, 0).  

(A) 6
π  (B) 6

5π  (C) 3
π  (D) 3

2π  (E) 2
π   

17. Let f ( x ) be a function defined by L,2,1,0,
2
1

2
1,1)( 1 =≤<+= + kxkxf kk  

Which of the following items is the value of the integral ∫
1

0
)( dxxf  ? 

(A) 1 (B) 2  (C) 3 (D) 4 (E) ∞  
 

18. Let g( x ) be the inverse function of the function f ( x )= xe x, where x ≥ 0, i.e., g(f(x)) = x, and f(g(x)) = x for x ≥ 0. Which of the  

following items is the value of the integral ∫
e

dxxg
0

)(  ? 

(A) e – 1 (B) 1 (C) e (D) 1 + ln 2 (E) e 2 – 1 
 

19. Let f ( x ) be a function defined by .
2

||,
sin1
1)( π

<
−

= x
x

xf  

Let p( x ) = a0 + a1 x + a2 x2 + … + an xn + … be the Maclaurin series of  f ( x ). 
Which of the following items is the value of a3 ? 

(A) –1 (B) 0 (C) 
6
1  (D) 

6
5  (E) 1 

 

20. Which of the following items is the value of the integral ∫
+2

ln
ln21e

e
dx

xx
x  ? 

(A) ln2 (B) 2 (C) ln 2e (D) 2 + ln2 (E) 2e 2 

 

21. Let  f(x) = [x] be the greatest integer function, where [x] is the greatest integer less than or equal to x. Which of the following  

items is the value of the integral ∫− +
2

1

2 )1( dxxf  ? 

(A) 3 (B) 6 (C) 328 −−  (D) 8 (E) 328 ++  
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22. Let a 1 = 1 and nn aa 21 =+  for Nn∈ . Which of the following items is the value of the limit nn
a

∞→
lim ? 

(A) 2 (B)  1 (C)  
2
1  (D)  e (E)  ln 2 

 

23. Find the volume of the region E  bounded by 2 2z x y= + , 2 2 4x y+ =  and 0z = . 

(A) 4
3
π  (B) 2π  (C) 8

3
π  (D) 4π  (E) 8π    

 

24. Find    

(A) 2e −  (B) 1e −  (C) 
2
e

 (D) 1
2

e −  (E) 2
2

e −  

25. Determine whether the series converges.  
 
(A)     (B)     (C)       (D) (E)  

 

26. Find the directional derivative of 2 2( , , ) 2F x y z xy xz y z= + − + at the point (1, －2, 1) along the curve  

2 ,  3 ,  x t y t z t= = − =  in the direction of increasing z . 

(A) 13
6

 (B) 13
6

 (C) 11 (D) 13 (E) 11
6
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1. (A).
∞

∑
n=1

f (n)

n3 ∼
∞

∑
n=1

2
n2 conv.

2. (A). Ä f ∈C[a,b] /

f (a) f (b)− f (a)− f (b)+1 < 0 ⇐⇒ ( f (a)−1)( f (b)−1) < 0

⇐⇒ 1 �k f (a), f (b) 5È

∴ ∃c ∈ (a,b), f (c) = 1

3. (B). â f ∈C[a,b]

4. (B). ¥Wà f (x) =







1, x ∈ Q

−1, x ∈ R\Q
, † | f | ∈ R[0,1], O f 6∈ R[0,1]

5. (A). â
f (x)− f (0)

x−0
=











sinx
x

, x ∈ Q

1, x ∈ R\Q

) lim
x→0

f (x)− f (0)

x−0
= 1 ∴ f Ê x = 0 ª�

6. (B). h�bí� 2n áÑ

a2n = −1
2

(

1
(2n −2)+1

+
1

(2n −2)+2
+

1
(2n −2)+3

+ · · ·+ 1
2n+1 −2

)

ku

|a2n| ≥
1
2
· 2n

2n+1 −2
≥ 1

2
· 2n

2n+1 =
1
4

; lim
n→∞

|a2n| 6= 0

∴ h�b div.

7. (A). â Mean Value Theorem ªJ})

8. (B). ¥Wà an =
1
n2 , � lim

n→∞

∣

∣

∣

∣

an+1

an

∣

∣

∣

∣

= 1

9. (A). ¥uìÜ

10. (A). â chain rule: zx = f ′(x− y) · (1); zy = f ′(x− y) · (−1) ∴ zx + zy = 0

1
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11. lim
n→∞

1
n

n

∑
k=1

f
(π

4
+

kπ
2n

)

=
2
π

∫

3π
4

π
4

f (x)dx =
2
π

[

− xcosx+ sinx
]

3π
4

π
4

=
2
π

[

3π
4
√

2
+

π
4
√

2

]

=
√

2

� (C)

12. I lnx = t, †

∫ e

1
(x lnx)2 dx =

∫ 1

0
t2e3t dt = e3t

[

1
3

t2 − 2
9

t +
2

27

]1

0
=

5e3

27
− 2

27

� (D)

13. n = (3x2 −2xy2
,−2x2y+3y2)

∣

∣

∣

∣

(1,2)

= −(5,−8) � (C)

14. f ′(x) =







2x−1, x < 0

6(2x−1)(x−2), x > 0

x −1
2 0 1

2 1
f ′ − + −
f ↘ 0 ↗ ↘ 1

∴ min f = 0 � (B)

15. f ′(x) = 3ax2 +2bx = x(3ax+2b), â 1 < −2b
3a

< 3 � (D)

16. n1 = (2x−2,2y,2z)
∣

∣

∣

∣

(0,0,0)

= (−2,0,0), n2 = (
√

6,1,1)

cosθ =
n1 ·n2

‖n1‖‖n2‖
=

−2
√

6
(2)(

√
8)

= −
√

3
2

; θ =
5π
6

� (B)

17.
∫ 1

0
f (x)dx =

∞

∑
k=0

(k +1)

[

1
2k −

1
2k+1

]

=
∞

∑
k=0

k +1
2k+1 =

x
(1− x)2

∣

∣

∣

∣

x= 1
2

= 2 � (B)

18.
∫ e

0
g(x)dx = x2ex

∣

∣

∣

∣

1

0
−

∫ 1

0
xex dx = e−

[

ex(x−1)

]1

0
= e−1 � (A)

2



19. f (x) =
1

1−
(

x− x3

6
+o(x3)

)

= 1+

(

x− x3

6
+o(x3)

)

+

(

x− x3

6
+o(x3)

)2

+

(

x− x3

6
+o(x3)

)3

+o(x3)

= 1+ x+ x2 +
5
6

x3 +o(x3)

� (D)

20. I lnx = t, †

∫ e2

e

1+2lnx
x lnx

dx =
∫ 2

1

1+2t
t

dt = lnt +2t
∣

∣

∣

∣

2

1
= 2+ ln2 � (D)

21.
∫ 2

−1
f (x2 +1)dx =

∫ 1

−1
1dx+

∫

√
2

1
2dx+

∫

√
3

√
2

3dx+

∫ 2

√
3

4dx

= 2+2(
√

2−1)+3(
√

3−
√

2)+4(2−
√

3) = 8−
√

2−
√

3

� (C)

22. an = 2
1
2 + 1

22 + · · ·+ 1
2n−1

= 2
1− 1

2n−1 ⇒ lim
n→∞

an = 21 = 2 � (A)

23. V =

∫∫

x2+y2≤4

(x2 + y2)dxdy =

∫ 2π

0

∫ 2

0
r3 dr dθ = 2π · 24 −0

4
= 8π � (E)

24. I =

∫ 1

0

∫ 1

0
y3exy2

dxdy =

∫ 1

0
yexy2

∣

∣

∣

∣

1

0
dy =

∫ 1

0
yey2 − ydy =

1
2

ey2 − y2

2

∣

∣

∣

∣

1

0
=

e−2
2

� (E)

25. lim
n→∞

n

√

n
en = lim

n→∞

n
√

n
e

=
1
e

< 1 ⇒
∞

∑
n=1

n
en conv. � (D)

26. ∇F(1,−2,1) = (y+2z,x−2y,2x+2z)
∣

∣

∣

∣

(1,−2,1)

= (0,5,4); v = (1,1,2t)
∣

∣

∣

∣

t=1
= (1,1,2)

∴ DvF(1,−2,1) = (0,5,4) · (1,1,2)√
6

=
13√

6
� (A)

3


