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高雄醫學大學八十九學年度學士後醫學系招生考試試題 

科目：微積分                           考試時間：八十分鐘 

 

1. Label each statement as true or false.  (20%) 

(a) If 
ax

lim
→

 f(x) = A, 
ax

lim
→

 g(x) = B, and f(x)＜g(x) for all ∈x R, then A＜B. 

(b) If 
−→ax

lim f(x) and 
+→ax

lim f(x) both exist, then 
ax

lim
→

 f(x) exists. 

(c) If f(1)＞0 and f(3)＜0，there exists a number c between 1 and 3 such that f(c)=0. 

(d) )x(tan
dx
d 2  = )x(sec

dx
d 2  

(e) The average value of the function f(x)=1+x2 on the interval [-1, 2] is 2. 

(f) If ∑
∞

=1n
na  converges, then ∑

∞

=1n

2
na  converges. 

(g) If an＞0 and )
a

a
(lim

n

1n

n

+

∞→
＜1, then 0alim nn

=
∞→

 

(h) Let ,
0xif0

0xif
x
1

sinx
)x(f

2







=

≠
= then f is differentiable at x = 0 

(i) If f has continuous first partial derivatives in a neighborhood of the point (a, b), then f can 

have all of its directional derivatives at (a, b). 

(j) If fx and fy both exist and equal at (a, b), then f is continuous at (a, b). 

 

2. Evaluate each of the following limits, if it exists.  (20%) 

(a) 
x

1x21x2
lim

0x

+−−
→

   (b) If [x] denotes the greatest integer function, find 
]x[

x
lim
x ∞→

. 

(c) n nnnn

x
)2000()91()90()89(lim ++++

∞→
LL .   (d) )dt

t
tsin

3x
x

(lim
x

33x ∫−→
. 
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3. Evaluate the following integrals.  (20%) 

(a) dxxlnx 21

0∫  

(b) dx
x2x2x
2x4x21

2 23

2

∫
−

− ++
++

 

(c) ∫ ∫ −1

0

1

y

x dxdye
2

 

(d) dAyx1
D

22∫∫ −− , where D is the disk 1yx 22 ≤+  

 

4. If f is a quadratic function such that f(0) =1 and ∫ + 32 )1x(x
)x(f

dx is a rational function, find the 

value of f’(0).  (10%) 

 

5. Find all functions f such that f’ is continuous and dt))t('f())t(f(100))x(f( 2
2x

0

2 ++= ∫  for all 

real x.  (10%) 

 

6. Find the maximum and minimum values of x – y + z if (x, y, z) lies on the sphere x2 + y2 + z2 = 1.  

(10%) 

 

7. Find the area of the bounded region enclosed by curves y = x3 – 1 and y = 3x2 – 2x – 1.  (10%) 
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89年學士後西醫試題解答  

 

1.(a) false 

理由：例如
2

2

2

2

x
2x

)x(g
x

1x
)x(f

+
=

+
=  

1)x(glim,1)x(flim

Rx)x(g)x(f

xx
==

∈∀

∞→∞→

＜
 

(b) false 

理由： 2)x(flim,1)x(flim
axx

==
+→∞→

  

)x(flim
ax →

⇒ 不存在 

(c) false 

理由：必須 f(x)ε cont. on[1, 3]才能保証存在一個 C(介乎 1與 3之間)，使得 f(c) = 0 

例如：f(x) = 
2x

1
−
即是 

(d) true 

xtanxsec2

xtanxsecxsec2)x(sec
dx
d

xsecxtan2)x(tan
dx
d

2

2

22

=

⋅=

=

 

 

(e) true 

2
3
6

3

dx)x1(

)1(2

dx)x(f
f

2

1

22

1

==

+
=

−−
>=<

∫∫ −−
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(f) false 

例如： ∑∑
∞

=

∞

=

−
=

1n

n

1n
n conv

n

)1(
a    (交錯級數特性) 

div
n
1

a
1n1n

2
n ∑∑

∞

=

∞

=

=    (P－級數特性或調和級數特性) 

 

(g) true 

理由：∑
∞

=1n
na ：正項級數且 ∑

∞

=

+

∞→
⇒

1n
n

n

1n

n
a1

a
a

lim ＜ 為收斂 (根據比值審斂法) 

0alim nn
=∴

∞→
(收斂級數之必要條件) 

 

(h) true 

存在)0('f0
x
1

sinxlim

0x

0
x
1

sinx
lim

0x
)0(f)x(f

lim)0('f

0x

2

0x0x

∴==

−

−
=

−
−

=

→

→→  

∴f(x)在 x = 0處可微 

 

(i) true 

理由：一階偏導數在(a, b)處連續，下述定理成立： 

ê)]b,a(fy),b,a(fx[)b,a(fDê ⋅=  

 

(j) false 

例如







=

≠
+=

)0,0()y,x(0

)0,0()y,x(
yx

xy
)y,x(f 22  

顯然 fx (0,0) = 0  fy (0,0) = 0 

(fx(0,0) = fy (0,0)) 

但 f(x,y)在(0,0)處不連續 
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2. (a)  

x
)1x2()1x2(

lim
x

1x21x2
lim1

0x0x

+−−−
=

+−−
+→→

o  

4
x

x4
lim

0x
−=

−
=

→
 

x
)1x2()1x2(

lim
x

1x21x2
lim2

0x0x

+−−−
=

+−−
−− →→

o  

4
x

1x21x2
lim

4
x

x4
lim

0x

0x

−=
+−−

∴

−=
−

=

→

→ +

 

 

(b) 

(夾擊原理)1
]x[

x
lim

1
1x

x
lim,1

x
x

lim

100x
1x

x
]x[

x
x
x

100x
1x

1
]x[

1
x
1

Rxx]x[1x

x

xx

=∴

=
−

=

∀
−

≤≤⇒

∀
−

≤≤⇒

∈∀≤≤−

∞→

∞→∞→

＞

＞

 

 

(c) 

2000)2000()90()89(lim

)11912lim(

200020001912lim

)2000()1912(lim,2000)2000(lim

)2000()1912()2000()90()89()2000(

)2000()882000()2000()90()89()2000(

Nn)2000()2000()2000()90()89()2000(

n nnn

n

n

n

n

n

n n

n

n n

n

n nn nnnn n

nnnnn

nnnnnn

=++∴

=

=⋅=

⋅=

+≤++≤⇒

⋅−≤++≤⇒

∈∀++≤+++≤

∞→

∞→

∞→

∞→∞→

LL

Q

LL

LL

LLLL
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(d) 

3sin]xsindt
t

tsin
[lim

1
x

xsin
xdt

t
tsin

1
lim

HR'L

)
0
0

(
3x

dt
t

tsin
x

lim

)0(dt
t

tsin
3x

3
lim

x

33x

x

3

3x

x

3

3x

x

33x

=+=

⋅+⋅
=

−
=

⋅∞
−

∫

∫

∫

∫

→

→

→

→

型

型

 

 

3. (a) )1,0(on.contxlnx)x(f 2ε=  

9
8

t)1)(
3
2

(lin
3
4

9
8

t)
2
3

(

t
1

lin
3
4

9
8

HR'L

)(
t

tln2
lin

3
4

9
8

)0(]tln2[t
3
4

lin
9
8

]tlnt
3
4

t
9
8

[lin
9
8

]t
9
8

tlnt
3
2

[]
9
8

0[lin

]x
9
8

xlnx
3
2

[lin

dxxlnxlimdxxlnx

2
3

0t

2
50t

2
30t

2
3

0t

2
3

2
3

0t

2
322

3

0t

1
t

2
322

3

0t

21

t0t

21

0

−=−−+−=

−

−
+−=

∞
∞−

+−=

∞⋅−+−=

−+−=







 −−−=

−=

=∴

+

+

+

+

+

+

+

+

→

−→

→

→

→

→

→

→ ∫∫

型

型

｜
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(b) 

2ln
2
3

4
)

4
2ln

2
3

(

)]1(tan2ln
2
1

2[ln]00
2
1

0[

)]12(tan2)2(2)2(ln
2
1

2[ln)11(

tan2)1(2)1(ln
2
1

1ln

)]1x(tan2x2xln
2
1

x[ln

dx]
2x2x

2x
x
1

[

dx
)2x2x(x

2x4x2
x2x2x
2x4x2

I

1

12

12

1
2

12

1

2 2

1

2 2

21

2 23

2

−
π

=
π

−−=

−++−+⋅+=

+−++−+−+−−+−

++−+−+−=

+++++=

++
+

+=

++
++

=
++
++

=

−

−

−

−
−

−

−

−

−

−

−

−

∫

∫∫

｜

 

 

 

(c) 

)e1(
2
1

)e
2
1

(dxxe

dx]0xe[

dx]ye[

dx]dye[

dxdyeI

1

1
0

x1

0

x

1

0

x

1

0

x
0

x

1

0

x

0

x

1

0

1

y

x

22

2

2

2

2

−

−−

−

−

−

−

−=

−==

−=

=

=

=

∫

∫

∫

∫ ∫

∫ ∫

 

 

 

 

 

 

 

 

 

x 

y x = y (y = x) 

1 
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(d) 

π=−−⋅π=

−−⋅π=

−⋅θ=

θ⋅−=⇒

π∈θ∞∈
θ=θ=

≤+−−=

∫∫

∫ ∫

∫∫

π

π

3
2

]10)[
3
1

(2

)r1)(
3
1

(2

]rdrr1[]d[

d]rdrr1[I

]2,0[,],0[r

sinry,cosrx

1yx:DdAyx1I

1
0

2
32

1

0

22

0

2

0

1

0

2

22

D

22

令

 

 

4.根據題意：f(x)為二次多項式，且 f(0) = 1，可令 f(x) = ax2 + bx + 1 

∫

∫

∫∫

+
+

+
+=

+
+

+
+

+
++=

+
++

=
+

=

dx]
)1x(

E
)1x(

D
x
B

[

dx]
)1x(

E
)1x(

D
1x

C
x
B

x
A

[

dx
)1x(x

1bxax
dx

)1x(x
)x(f

I

322

322

32

2

32

 

(∵I為有理式) 

故 dx
x
A

∫ 及 dx
1x

C
∫ +

均為 0 

3)0('f

3ax2)s('f

1x3ax)x(f

3b3b1B

1bxax

BBx3x)EDB3(x)DB(

1bxaxEx)1x(Dx)1x(B

2

2

23

2223

=∴
+=

++=∴

==⇒=⇒

++=

++++++⇒

++=++++⇒
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5. )1(dt]))t('f())t(f[(100)x(f
x

0

222 LL∫ ++=  

(1)式令 x = 0⇒ f(0)2 = 100⇒ f(0) = 10或-10 

(1)式對 x微分 

)2(f
dx
df

0)x('f)x(f0))x('f)x(f(

0)x('f)x('f)x(f2)x(f

)x('f)x(f)x('f)x(f2

2

22

22

LL=⇒

=−⇒=−⇒

=+⋅−⇒

+=⋅

 

(2) cxflndx
f
df

+=⇒=  

xccxcx eee)x(fef ⋅±=±=⇒=⇒ ++  

情況(i)： xcee)x(f10)0(f −=⇒−=  

(取 “+” 號) 10eee10 c0c =⇒⋅=⇒  

∴f (x) = 10ex 

情況(ii)： xcee)x(f10)0(f −=⇒−=  

(取 “-” 號) 10eee10 c0c =⇒−=−⇒  

∴f (x) = -10ex 

 

6.令 f (x, y, z) = x – y + z 

g (x, y, z) = x2 + y2 + z2 – 1 

W (x, y, z, λ) = f (x, y, z) +λg (x, y, z) 

= x – y + z +λ(x2 + y2 + z2 - 1) 

根據 Lagromge mulfiplier method  

f (x, y, z)呈極值之必要條件： 

Wx = Wy = Wz = Wλ= 0 

λ
−

=
λ

=
λ

−
=











=−++

=λ+
=λ+−

=λ+

⇒

2
1

z3
2
1

y2
2

1
x1

401zyx

30z21

20y21

10x21

222

得

LL

LLLLL

LLLL

LLLLLL
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將上述 x, y, z代入 4 

2
3

2
3

4
3

1
4
3

1)
2

1
()

2
1

()
2
1

(

2

2
222

−=λ⇒=λ⇒

=
λ

⇒=
λ

−
+

λ
+

λ
−

或

 

(i) )
3

1
,

3

1
,

3

1
()z,y,x(

2
3

−−=⇒=λ  

3

1

3

1

3

1

3

1
)z,y,x(f −=−−−=⇒  

(ii) )
3

1
,

3

1
,

3

1
()z,y,x(

2
3

−=⇒−=λ  

3)
3

1
,

3

1
,

3

1
(f

3)
3

1
,

3

1
,

3

1
(f

3
3

1

3

1

3

1
)z,y,x(f

−=−−

=−∴

=++=⇒

最小值為

得最大值為  

 

7.曲線 y = x3 – 1與 y = 3x2 – 2x – 1之交點出現在 x = 0, 1, 2處 

(令 x3 – 1 = 3x2 – 2x - 1⇒ x = 1, 1, 2) 

∴得兩曲線所圍面積 A： 

 

 

2
1

)
4
1

()0
4
1

(

)xxx
4
1

()xxx
4
1

(

dx)]x2x3x([dx)x2x3x(

dx)]2x)(1x(x[dx)2x)(1x(x

dx)2x)(1x(xdx)2x)(1x(x

dx)2x)(1x(x

dx)1x2x3()1x(A

2
1

2341
0

234

2

1

231

0

23

2

1

1

0

2

1

1

0

2

0

2

0

23

=−−−=

+−−+−=

+−−++−=

−−−+−+=

−−+−−=

−−=

−−−−=

∫∫

∫∫

∫∫

∫

∫

 

0        1        2 

．       ．       ．     ． 
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